We present a residual-based turbulence model for problems with free surfaces. The method is derived based on variational multiscale ideas that assume a decomposition of the solution fields into overlapping scales that are termed as coarse and fine scales. The fine scales are further split hierarchically into fine-scales level-I and fine-scales level-II. The hierarchical variational problems that govern the two fine-scale components are modeled employing bubble functions approach. The model for level-II scales is variationally embedded in the mixed field level-I problem to yield a stable level-I formulation. Subsequently, the model for level-I scales that in fact constitutes the fine-scale turbulence model is then variationally injected in the coarse-scale variational form. A significant feature of the method is that it does not contain any embedded tunable parameters. To accommodate the moving boundaries we cast the formulation in an arbitrary Lagrangian-Eulerian frame of reference. The free surface boundary condition is imposed weakly which results in a formulation that conserves the volume of the fluid. A variety of benchmark problems show the accuracy and range of applicability of the proposed formulation and results are compared with published data. A wavy bed problem is investigated to show the interaction of turbulence generated at the bottom surface with the free surface thereby leading to irregular free surface elevations.
Introduction
Modeling of fluid flows with free surfaces is an essential ingredient in the design and analysis of off-shore structures such as oil platforms and off-shore wind turbine farms in which the dynamics of free surface waves plays an important role.
Accurate representation of free surfaces is also important to model the effect of waves on coastal structures. These applications are gaining attention due to the growing interest in new energy resources, and the need to build structures that can survive possible environmental hazards caused by climate change. Another area where free surface wave dynamics is important is fluid sloshing inside storage tanks. Although sloshing fluid can have undesirable destabilization effects during fluid transportation, it can also be carefully modulated to have stabilizing effects by serving as energy sinks that mitigate earthquake effects on built structures. Other problems where free surface flows are important are flows in rivers and channels, and in the modeling of ship hydrodynamics. In all these cases, accurate modeling of free surface effects is crucial for evaluating wave and current action on the structures.
Several approaches have been reported in the literature to study free surface flows. The interface tracking techniques model the evolution of free surfaces via a set of nodes or particles with time evolving spatial locations that track the geometry of the free surface. First applications of the interface tracking methods were based on the arbitrary Lagrangian-Eulerian (ALE) methods 17, 18 where the ALE frame of reference enables the motion of the boundaries and the nodal coordinates. The main advantage of this approach is a precise description of the evolving interface, and therefore an accurate modeling of flow physics that is associated with the evolution of the interface. However, a limitation of such methods is that under conditions of large free surface motions, the computational mesh needs to be redefined in order to avoid excessive mesh distortions. Particle methods are another sub-class of interface tracking methods that are based on a Lagrangian description of the fluid, namely, the particle finite element method (PFEM). 11, 35 These methods effectively overcome the mesh distortion issues. The Lagrangian description of the fluid and the fact that a contiguous mesh is not needed makes these methods suitable for problems with very large deformations of the free surfaces. Despite their versatility, particle methods are computationally expensive due to the need to determine a tessellation at each time step to compute the interaction between the particles. The ALE/Lagrangian method 11 is a compromise between the two approaches. The region near the free surfaces is modeled employing a particle method that enables the free surface to undergo large deformations, and the remaining part of the domain is modeled using an ALE frame. Space-time methods for free surface problems 26, 40, 41 also fall in the category of interface tracking methods because the space-time domains evolve along the time axes to accommodate the motion of the moving free surfaces. A formal equivalence between the deforming space-time domain techniques and ALE-based techniques is presented in Masud and Hughes.
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A second family of methods that is used to study free surface flows is based on interface capturing techniques. In this approach, the computational mesh is fixed and the location of the free surface is traced employing an additional scalar field. One of the first applications of this method is the volume of fluids (VOF) technique, 12, 16, 25 which uses a scalar field that represents the fraction of fluid in each of the mesh elements. Another interface capturing technique is the level set method 1, 22, 24, 39 in which an additional field is introduced to capture the evolving interface. In interface capturing techniques, the additional scalar field is invariably governed by a time-dependent advection equation.
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A mixed approach is also possible for problems with free surfaces and moving solid objects. In these methods, the free surface can be represented by an interface-capturing approach, and the fluid-solid interfaces can be represented by an interface-tracking approach. This family of methods, which is known as mixed interface-tracking/interface-capturing technique (MITICT) was first presented in Tezduyar 42 and then used for free surface flow and fluid-object interaction in Akkerman et al. 2 This paper develops a residual-based turbulence model for flows with free surfaces. To accommodate free surface motions the formulation is cast in an ALE frame of reference. 7, 23 Underlying idea of the residual-based turbulence models is the VMS method [4] [5] [6] 14, 19, 20, 29, 34, 38 wherein the solution fields are decomposed in components of overlapping scales, namely, the coarse and the fine scales. The fine scales are modeled in terms of the residuals of the Euler-Lagrange equations of the coarse scales, and are variationally embedded in the coarse-scale equations. Here we extend the formulation presented in Calderer and Masud 8 on turbulence models for domains with moving boundaries, to free surface flows. In Masud and Calderer, 29 we presented a model based on three-level hierarchical decomposition of the velocity and pressure fields. We used linear shape functions to represent the coarse-scale fields, and hierarchical bubbles for the two levels of fine scales. Use of bubble functions helps in confining the fine-scale problems to element interiors, thereby facilitating a convenient way to extract models for fine scales that are functions of the residuals of the Euler-Lagrange equations for the coarse scales. This has been shown in a variety of turbulent flow problems over fixed 8, 28 and moving domains. 29 In this paper we extend 29 to problems with free surfaces and show the applicability of the proposed method via application to two sets of turbulent free surface flow problems.
A literature review reveals that other authors have also explored multiscale methods. For example, Collis 9 and Gravemeier et al. 15 have proposed three-scale methods using the VMS approach. Our method also proposes three-scale decomposition. However, in our case, the smallest scales are solved using bubble function approach 5, 6 that is applied to element interiors and it yields an analytical expression for the level-three scales. The terms modeling level-three scales are substituted in the level-two system of equations and it results in a model for the finer turbulence scales that is free of user-defined parameters. This sequential and variationally consistent nesting of models from the finer levels into the equations at the coarser levels provides a mathematically consistent and computationally inexpensive model for turbulent flows
The remaining part of the paper is organized as follows. In Sec. 2, the incompressible Navier-Stokes equations are presented in an ALE frame of reference. In Sec. 3, a residual-based method for turbulent free surface flows is presented. In Sec. 4, we apply the proposed method for turbulent flows with free surfaces to two open channel problems. First, we study the flow in a flat open channel. The turbulent features of the flow are the driving mechanism that causes the free surfaces to evolve in time. We investigate the flow with two different slopes of the channel, and mesh refinement study is carried out to show the convergence of computed physics. The second problem studied is a channel with an undulated bottom surface. Multiple flow conditions are analyzed and the results are compared with experimental 3 and numerical results. 43 Also presented are numerical results for a thin channel with wavy bottom surface. Turbulence generated at the bottom surface interacts with the free surface which leads to evolving irregular free surface elevations. Conclusions are drawn in Sec. 5.
The Incompressible Navier-Stokes Equations
Let Ω t ⊂ R 3 be a connected, open, bounded region with time-dependent piecewise smooth boundary Γ t . The incompressible Navier-Stokes equations written in an ALE frame are:
where v is the velocity vector, p is the kinematic pressure, f is the body force (per unit of mass), ν is the kinematic viscosity (ν > 0), v m is the fluid mesh velocity, ∂v ∂t | Y is the time derivative of the velocity field in the ALE frame, I is the identity tensor, n t is the exterior normal to the boundary Γ t , v 0 is the initial condition for the velocity field, ε(v) = ∇ s v is the strain rate tensor, g : Γ g | t → R 3 is the Dirichlet boundary condition, and h : Γ h | t → R 3 is the Neumann boundary condition. Without loss of generality, the surface tension on the free surface of the fluid Γ f | t is assumed to be negligible, i.e. Eq. (5). In addition, the free surface boundary moves to satisfy the continuum condition that the flux of fluid across the free surface is zero, i.e. Eq. (6) .
The standard weak form of the problem (1)- (7) is: find v(x, t) ∈ S and p(x, t) ∈ P such that for all w(x) ∈ V and q(x) ∈ Q,
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(Ω) are the weighting functions for the velocity and the pressure fields, respectively, and S and P are the time-dependent spaces of trial solutions for the velocity and the pressure fields, respectively.
The variational problem can be expressed in a compact abstract form as:
where the functional L(w; v, p; v m ) contains the terms from the left-hand side of (8), ϕ(w) = (w, f ) and H(q; v) = (q, ∇ · v).
Residual-Based Turbulence Models for Free Surface Flows
The variational problem (10)- (11) is a mixed-field problem. It needs to be stabilized to: (i) account for the convective effects, and (ii) enable the use of arbitrary interpolations for the velocity and pressure fields. To address these issues, VMS ideas were introduced and it was later realized that these ideas actually extend to the development of turbulence models where larger features can be numerically resolved while finer features can be modeled. In addition, these residual-based approaches automatically take care of the issues enumerated above. To derive a formulation that successfully encompasses all these attributes we employ the VMS framework, which decomposes the solution fields into components of different scales. In the following section we present a synopsis of the method that was derived in Masud and Calderer 29 and we extend it to the treatment of the free surface condition that is considered here.
Multiscale decomposition
We assume a multiscale decomposition of the solution fields into overlapping hierarchical scales termed as coarse and fine scales:
Similarly, we also decompose the weighting functions w and q into coarse and fine scales:
q(x) =q(x) coarse scale
2292 R. Calderer et al.
Remark.
We assume that the coarse-and fine-scale components admit a unique decomposition, which is important for the stability and consistency of the method. From a computational perspective this condition is easily satisfied by the discretized formulations via the use of linearly independent interpolations.
Substituting (12)- (15) into the variational problem (10)- (11) and employing the fact that the operators L, ϕ and H are linear with respect to their weighting functions, the problem can be decomposed into two sub-problems:
Fine-scale sub-problem
In our earlier work on the Navier-Stokes equations 7,23 we had only assumed a multiscale decomposition of the velocity field, while the pressure field was not decomposed. In our subsequent developments 28 we showed that the continuity condition (2) is better enforced if the final formulation has a div-stabilization term. This term was injected in the method developed in Masud and Calderer, 28 while in Calderer and Masud 8 it was systematically derived by assuming a multiscale decomposition of the pressure field. Although this second approach has superior mass conservation properties, it gives rise to a fine-scale problem that itself is a mixed-field problem, whereas the fine-scale problem that corresponds to the first approach is a single field problem. This difference in the two formulations also gets manifested in the numerical evaluation of the fine-scale models. While the former approach is computationally less intensive, the latter approach possesses superior attributes even in the very small time-step range.
The method employed to solve the coupled coarse-and fine-scale problems, is summarized as follows. First, a model for the fine scales v and p is extracted from fine-scale problem (18)- (19) in terms of the residuals of the Euler-Lagrange equations for the coarse scalesv andp. Then, the model is substituted in the coarsescale problem (16)- (17) . This variationally consistent embedding of the fine-scale model in the coarse-scale formulation amounts to a variational projection of the fine scales onto the coarse-scale space. As a consequence, the resulting formulation is only expressed in terms of the coarse-scales, and the effects of the fine scales are accounted for via the projected fine-scale model. (18)- (19) is a mixed field problem, and therefore it needs to be stabilized to (i) account for the fine convective terms, and (ii) have the flexibility to use arbitrary interpolations for the fine-scale velocity and pressure fields. We carry out a hierarchical application of VMS ideas 8, 30 that leads to another overlapping split of the fine-scale fields. Objective of this split is to derive a stabilized formulation for the fine-scale system represented by Eqs. (18)- (19) .
Remark. The fine-scale problem
Remark. The level-three scales are used to stabilize the level-two scales and make the level-two model free of any constraints on the combination of interpolation functions, as well as any assumption on the order of the pressure field, or any restriction on the structure of the stabilization tensor. Numerical tests show that if there are less constraints on the level-two model, its modeling capacity and capability is tremendously increased which is reflected via the higher Reynolds number flows that it can resolve.
Solution of the fine-scale problem
The fine-scale problem (18)- (19) is a mixed field problem, and therefore it needs to be stabilized. We carry out a hierarchical application of VMS ideas 8, 30 that lead to another overlapping split of the fine-scale fields. Objective of this split is to derive a stabilized formulation for the fine-scale problem (18)- (19) . Figure 1 shows a schematic diagram of the hierarchical approach. Accordingly, we assume a multiscale decomposition of the velocity field in two overlapping components termed as fine-scale level-I and level-II: -Stabilization of finescales Level-I problem Consistency and stability of the method necessitate that the decomposition of level-I and level-II scales, as stipulated in (20), is unique. Due to the scale split in (20), we can limit any modeling assumptions to the level-II velocities v II with no presumptions on level-I velocities v I . Since v II are sufficient to stabilize the level-I scales, we do not assume a multiscale decomposition of the fine-scale pressure field:
Likewise we decompose the fine-scale component of the weighting velocity field into level-I and level-II components, but we do not decompose the fine-scale pressure weighting function:
We then substitute the decompositions (20)- (23) in the fine-scale problem (18)- (19), and employing the linearity with respect to the weighting functions w and q , we further split the fine-scale problem into two sub-problems:
Remark. The present approach results in a homogeneous multiscale framework 31 as the same operators L and H govern the three nested problems involved in the hierarchical decomposition, i.e. problems (16)- (17), (24)- (25) and (26).
We extract v II from (26) in terms of the residual of level-I scales and the residual of the Euler-Lagrange equations of the coarse scales. To do so, we employ bubble functions to interpolate the level-II velocity field. Due to their definition and construction, bubble functions help localize (26) to sum of these terms over the element interiors. In the numerical tests presented in Sec. 4, we have used fourth order polynomial bubble functions for v II . This leads to a model for v II that can be expressed in an abstract form as follows:
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We variationally project the model for v II onto the level-I problem (24)- (25) , which can be expressed as:
Equations (28)- (29) depend only on the coarse scales and the level-I fine scales. Using a second set of bubble functions that is linearly independent of the first set of bubbles employed to derive the model (27) , we can solve (28)- (29) and derive a model for the level-I scales in terms of the coarse-scale fields:
Revisiting the objective underlying the hierarchical decomposition of scales we see that the level-II scales were primarily used to stabilize the fine-scale variational problem (18)- (19), and the level-I scales served as the model for the turbulent scales. Solution of the nested up-scaling equations (28)- (29) yields {v I , p I } with v II embedded, and therefore the fine-scales can be approximated by the level-I solutions:
The variational multiscale turbulence model
The model for the fine-scale fields (31) is substituted in the coarse-scale problem (16)- (17) . The resulting formulation can be written in an abstract form as:
where
Equation (33) comprises all the terms that appear on the left-hand side of the standard variational form (8)- (9),
is the right-hand side of (8) .
The right-hand side of (35) contains terms that arise due to the a priori assumption of the existence of fine scales. These terms serve two purposes: they provide stability to the mixed field problem, and they serve as the turbulence model.
Remark.
Since the fine-scale fields (30) depend on the residuals of the EulerLagrange equations of the coarse-scales, the final formulation (32) only depends on the coarse-scale fieldsv andp.
Free surface condition
The turbulence model (32) is complemented by the condition that enforces zero flux across the free surface (6). Several techniques have been proposed in the literature to enforce this condition. 17, 44 In this work we impose this condition in a weak form which can be written as follows:
where η is an arbitrary weighing function, v is the fluid velocity on the free surface, v m is the mesh velocity, Γ fs t is the time-dependent free surface boundary, and n t is the time evolving unit normal vector on Γ fs t . Imposing the zero-flux condition in a weak sense has two advantages. First, the global mass of the fluid is conserved because local errors due to the free surface discretization are compensated for. Second, the unit normal n t vector needs to be computed only at the Gauss points, where the normal is uniquely defined. This is a significant advantage as compared to imposing the zero-flux condition strongly at the nodal points in which case the normal needs to be computed at the nodal points. In general, the normal at the nodal points is non-unique due to C 0 continuity of the fields, and this is especially true for simplical elements.
Formulation (36) needs to be solved iteratively because the normal n t depends on the displacement field associated with the free surface. In the numerical tests presented in Sec. 4 we have solved (36) using a fixed-point iteration approach. To obtain the updated free surface geometry, n t has been computed using the most current configuration of the free surface. For the benchmark problems presented in Sec. 4, the free surface is well resolved in two to three iterations.
Remark. The evolving free surfaces determine the boundaries of the computational domain. In the following section we use a mesh moving scheme to adapt the mesh to the evolving domain boundaries.
Mesh moving scheme
Once the location of the nodes on the free surface has been determined, the location of the interior nodes needs to be updated to maintain a good quality mesh for subsequent calculations. To update the mesh we use the method proposed by Masud and co-workers, 21, 26, 27 in which the displacement of the nodal coordinates is determined by solving the equation:
where d(x, t) is the displacement field of the mesh, Γ f is the part of the boundary that is fixed, Γ m t is the free surface boundary, and g(x, t) is the instantaneous displacement of the free surface. From the standpoint of the mesh moving scheme, g(x, t) is a Dirichlet boundary condition that is specified to match the geometry of the free surface obtained in Sec. 3.4.
The parameter α e controls the relative deformation of the elements. The value of α e depends on the volume V e of element e, the volume of the smallest element of the mesh V min , and the volume of the largest element of the mesh V max as follows:
Via Eq. (40) the larger elements are assigned a lower value of α e than the smaller elements. This process introduces a relative stiffening effect throughout the mesh that is inversely proportional to the size of the elements. Consequently, smaller elements in the vicinity of the free-surface behave stiffer and therefore maintain their aspect ratio during the mesh re-zoning process. This transfers the large amplitude deformations induced by the oscillating free surface onto the larger elements that are in the interior of the domain. This process is not deleterious for the interior elements because the percentage of relative distortion as measured in terms of change in element Jacobian before and after deformation is fairly uniform all across the mesh. For details, interested reader is referred to Refs. 21 and 27.
Remark. The formulation for the fluid equations (32) and the formulation that models the evolution of the free surface are coupled. We solve them in an iterative fashion using the algorithm described in Box 1. 
End of time step loop:
If n is the last time step stop, else go to Step 1.
Numerical Tests
Literature review reveals that there are only a handful of benchmark test cases for validating turbulence models for problems with free surfaces. A common test case is a confined turbulent channel flow under body force generated due to gravity where flow is confined between two parallel fixed walls. For this test case reference DNS results were reported by Moser and co-workers 32 for various Reynolds number flows.
We first present the case of regular deep sea waves for which analytical solution is available, 13 and therefore it serves as a good benchmark problem to verify the accuracy and stability of the method. Then we present two sets of numerical tests. First set considers a turbulent channel that has a fixed bottom surface, while the top surface is free to evolve. The flow is driven by the gravity force. The Reynolds number Re T = 395. Two different slopes of the bottom boundary are analyzed. The second set of problems is inspired by Balachandar and Patel 3 and Yue et al., 43 and it consists of an open channel flow with a non-flat bottom surface. We employ same geometric configuration as is used in Yue et al., 43 and we compare our results with the experimental data reported in Balachandar and Patel, 3 and LES results reported in Yue et al. 43 For this problem, we also consider a configuration with reduced depth of the channel wherein turbulence generated at the bottom boundary interacts with the evolving free surface and gives rise to more complex free surface flow patterns than are reported in Yue et al. 43 All the numerical tests have been conducted using tri-linear hexahedral elements for the coarse-scale fields, quadratic bubble functions for the fine-scale level-I fields and fourth order bubble functions for the fine-scale level-II fields. The element integrals are evaluated using full Gaussian quadrature and the generalized-alpha method with ρ ∞ = 0 used for time integration.
Regular waves
This test case investigates a regular wave of height 10 m, period T = 10 sec and wave length λ = 159 m in a water depth of 120 m. Body force is −981 and fluid viscosity is 0.01. The results of the numerical simulations are compared to the analytical Stokes V solution, which is the solution of fifth order Stokes theory as presented in Fenton.
13 Figure 3 shows a schematic description of the problem where the inflow velocity U x (x = 0, y, t) = ∂Φ/∂x and Φ(x, y, t) is defined as follows:
where ε = kH/2, c = 2π/kT , H is the wave height, and T is the wave period. The computational domain is two-dimensional with 1025 nodes in the horizontal direction and 258 nodes in the vertical. The upstream vertical boundary is forced with the solution of Fenton, 13 whereas on the downstream vertical and lower boundaries a zero velocity condition is imposed. The length of the domain is 8000 m, and hence, during the simulations reflected waves do not contaminate the wave field. Figure 4 shows two representative snap-shots of the surface profile. In this simulation massless particles are seeded below the surface to highlight the near surface 2300 R. Calderer et al. amplification of the particle motion due to the propagating free surface waves. Figure 5 shows the surface profile as a function of time at three locations within the domain. The figure shows that as expected a large wave develops at the front of the wave train, but that after this the wave crests and wave troughs are in good agreement with Fenton. 13 The figure also shows that there is no significant numerical dissipation of wave energy within the domain. Figure 6 compares the simulated surface profile over one wavelength to the Stokes V solution. The plot shows that the wavelength and the elevation of both the wave crest and the wave trough are all in excellent agreement, but that there are some small differences in the shape of the wave profile.
In free surface flows, wave celerity is the velocity at which the free surface waves propagate. Figure 7 shows contours of surface elevation. The solid and dashed black lines represent the wave celerity group and deep water wave group celerity, respectively. The plot demonstrates that, as the solid black line overlies a wave crest, the waves are propagating at the correct nonlinear wave speed. This is also evident in Fig. 5 as the wave profiles overlie one another.
Finally, Fig. 8 shows the profile of horizontal velocity through the depth over half a wave period. The results of the numerical simulation are compared to the Stokes V solution under the wave crest and can be seen to be in excellent agreement. The only unexpected feature evident in the simulation is a small positive kink in the velocities right at the water surface.
Flat open turbulent channel flow
This test case models an open channel flow with a flat bottom surface. This problem was studied by Pan and Banerjeea 36 and Nagaosa 33 wherein they treated the free surface as a rigid wall with free-slip boundary condition that precluded the deformation of the free surface. In this paper we use the formulation presented in the previous sections that considers the top surface as a freely evolving boundary, and we numerically compute the evolving free surface configurations. 
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The computational domain studied is schematically represented in Fig. 9 . The length of the domain is L x = 6, width L z = 4 and height L y = 1. We apply zero velocity on the bottom surface, while the top surface is considered to be a free surface. Periodic boundary conditions are applied on the lateral surfaces, and this assumption can be made because the flow is statistically uniform in the x-and z-directions. The viscosity of the fluid is set equal to 0.0001472. The problem is driven by a constant body force. The slope of the channel is set equal to 1/80 and 1/40 in Secs. 4.2.1 and 4.2.2, respectively.
We study the flow using three meshes of 32 × 32 × 32, 64 × 32 × 64 and 64 × 64 × 64 hexahedral elements. The elements are uniformly distributed in the xand z-directions and graded on the y-direction. The grading is obtained using a hyperbolic distribution that clusters more nodes near the fixed wall and is given by the following expression:
where γ is set equal to 1.5 for all the cases, N is the number of elements in the wall-normal direction and i ∈ [0, N]. The time step size ∆t is set equal to 0.025 for all the test cases. The flow is initialized with a streamwise parabolic velocity field that is randomly perturbed in the x-and z-directions by less than 10% of the parabolic mean velocity. After a transitory regime in which the turbulence structures develop and the free surface starts to evolve, the flow reaches a statistically steady state regime. The solution field is then sampled every 10 time steps for a period of 5000 steps. The sampled solution is averaged over time and also in the streamwise and spanwise directions. The statistics were computed on the mesh nodes and not on a background Eulerian mesh because of the complexity arising due to the evolving free surface levels. This procedure is also consistent with the approach adopted in the reference results that are used for validation purpose. 43 Also as the reviewer points out, the "Eulerian" statistics are not straightforward to calculate near the free surface because the surface level evolves in time.
Channel with flatter slope
The first test case has a slope of the bottom surface equal to 1/80 that gives rise to body force components f x = 0.00337204 and f y = −0.2697632. The y-axis is through the depth axis and has its origin at the bottom of the channel. The Reynolds number of the flow based on Taylor's micro-scales is 395.
For the channel with 1/40 slope, Fig. 10 shows the geometry of the problem and velocity field at a typical time point. Figure 11 shows the mean velocity and the root mean square of its fluctuations in each of the three spatial dimensions. In addition to showing the results obtained with each of the three meshes employed, Fig. 11 also shows the DNS results for the lower half part of an equivalent confined turbulent channel flow. Near the wall, the statistics of the confined channel are very close to the statistics of the open channel. This is due to the fact that the effects of the free surface diminish with depth. Closer to the free surface, the results from the confined channel are different from the results for the open channel because open channel has a free surface, while the confined channel has fluid domain in the top half of the channel above the pseudo-free surface. The effect of the free surface is clearly evident in the fluctuations of the velocity field in the wall-normal and spanwise directions, i.e. Figs. 11(c) and 11(d) , respectively. All the results presented in Fig. 11 are expressed employing wall units. 37 The second column of Table 1 shows the Froude number of the flow, which is a measure of the ratio between inertial and gravity forces, and is defined as
where U 0 is the mean velocity of the free surface, f y is the vertical component of the body force vector, and L y is the depth of the channel. For the uniform channel problem, L y = 1.
Channel with steeper slope
The same study was carried out for a channel with steeper slope of 1/40. The components of the body force are set to f x = 0.00337204 and f y = −0.134882. The Reynolds number of flow based on Taylor's micro-scales is 395. Figure 12 shows the statistics of the flow in which the computed solution shows similar features as in the previous case. While near the wall the results are similar to the statistics of the confined turbulent channel, the effects of the free surface are more pronounced near the upper surface. The third column of Table 1 shows the Froude number obtained with each of the three meshes. As expected, Froude number is higher than in the previous case because the channel is steeper, and therefore inertial force is more significant than the gravitational force. We use the consistent tangent tensor for the fluid problem. Since the flow features induced by surface motions are relatively less intense as compared to the complexity of the turbulent flow, the convergence rate is close to being quadratic. Table 2 shows the evolution of the residual as a function of the iteration number for the flat open channel flow problem at higher Froude number. The results shown in the table correspond to the mesh that has 64 × 64 × 64 elements. Depending on the time level considered, the solution converges in four iteration levels.
Turbulent channel flow with wavy bed
This test problem is also an open channel flow, however with a non-flat bed. The bottom of the channel has a shape that resembles a fixed sand dune. This problem was proposed by Balachandar and Patel 3 who studied deep water flows experimentally, and by Yue and co-workers, 43 who analyzed the problem computationally. We consider the same problem specifications as in these references and compare our results with the published data. In addition, we also analyze this problem at a higher Froude number to show the applicability of the present method to problems where free surface undergoes larger and irregular deformations due to the interaction of bottom generated turbulence with the top free surface.
The computational domain employed in our studies is schematically represented in Fig. 13 , and the precise locations of its key sections are given in Table 3 . The bottom boundary surface approximates the shape of a sand dune, with no-slip boundary conditions imposed. On the lateral walls, periodic boundary conditions are applied, and this assumption can be made because the flow is statistically uniform in the x-and z-directions. The top boundary is located at a distance L from the crest of the dune and is considered to be a free surface. The viscosity of the fluid is set equal to 1.
Lower Froude number flow
With the goal of comparing our results with the existing data, 3, 43 we set the depth L = 132, and apply a gravitational body force of magnitude 981. The channel is inclined at a mean angle of 2.56
• that results in body force components and N = 59:
The time step size ∆t is set equal to 0.015. The problem is initialized from at rest conditions and it evolves until it reaches a statistically steady state regime. Figure 15 shows the fully developed velocity field. It can be observed that the motion of the free surface is relatively small. To compute the statistics of the flow, we sample the solution every 10 time steps over a period of 5000 steps. In addition to averaging the solution over all the sampled Residual-based turbulence models for free surface flows 2309 time steps, we average it along the spanwise direction. Figure 16 shows the averaged geometry and velocity fields, and the mean velocity streamlines. The mean flow has a recirculation zone downstream of the dune, which starts at x = 10 and ends at x = 104. The length of the recirculation zone agrees well with the LES-based result of ∆x = 90, reported by Yue and co-workers. 43 The Froude number based on the mean velocity of the free surface at x = 0 is 0.42. Figure 17 shows the mean velocity of the flow at six vertical cross sections along the length of the channel. The results are compared with the experimental data reported by Balachandar Figure 18 shows the root mean square of the fluctuations of the velocity field in the streamwise direction at several cross sections. In this case, a very good agreement with previously published results is also observed.
Higher Froude number flow
The next problem that we analyze is a harder problem as it has shallower depth and a steeper slope. Due to the shallower depth the turbulence generated at the bed of the channel interacts with the free surface thereby causing irregular and chaotic free surface motion. Furthermore, steeper slope leads to higher Froude number flow. We set the depth of the channel L equal to 20, along with a mean inclination of the channel at 13.39
• . The components of the body force are f x = 4.0 and f y = −980.992. Other parameters of the problem are the same as in the previous case. The mesh employed in the present test is developed following the same guidelines as in the previous test case, and it is comprised of 80 × 54 × 48 hexahedral elements. The time step size is set equal to 0.01. Figure 19 shows the velocity field in the fully developed regime. In this test case, the free surface undergoes larger motions. As can be seen in Fig. 19(b) , the fluid accelerates downstream from the sand dune, and therefore the depth of the fluid column decreases locally. Further downstream 
Conclusions
We have presented an extension of our previous work on residual-based turbulence models for problems with moving boundaries 29 to a formulation that is able to accommodate free surface problems. The method has been derived assuming a multiscale decomposition of the velocity and pressure fields into coarse and fine scales. This leads to two coupled mixed-field problems. The mixed-field fine-scale problem is stabilized by a further decomposition of the fine-scale velocity field into level-I and level-II fine scales. The problem governing level-II scales is modeled using fourth order bubble functions, and its solution is variationally embedded in the problem that governs the level-I scales. The stabilized level-I fine scale problem is solved using quadratic bubble functions as interpolation functions for the level-I velocity and pressure fields. The derived level-I model that approximates the fine-scale fields is variationally embedded in the coarse-scale problem and these terms model the effects of the sub-grid scales on the resolved scales. The bubble function approach employed to model the two fine-scale problems leads to a formulation that does not have any embedded or tunable parameters. The formulation is applied to study two free surface flow problems to show the applicability of the method. The first test case is a flat open channel with a fixed boundary on the flat bottom surface, periodic boundaries on the lateral walls, while the top boundary is a free surface. The flow is driven by a gravitational body force. Two different inclinations of the channel are considered, and the mean velocity field and its root mean square fluctuations are reported over the depth of the channel. The second problem investigated is an open channel flow with a wavy bottom boundary. Two different depths of the channel are investigated, and the results obtained are compared with the experimental and numerical results reported in the literature.
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These numerical tests show the stability and accuracy of the proposed formulation for modeling free surface flows. Specifically the wavy bed problem that involves interaction of interior turbulence with free surface elevation shows the robustness of the method for irregular free surface flows.
